All sets of the form { f ∈ C (X): f (F ) ⊆ U }, where F ∈ λ and U is an open subset of real line R, form a subbase of the λ-open topology.
A set A ⊆ X is said to be bounded if f (A) is a bounded subset of R for each f ∈ C (X).
In 1970, in [3] Buchwalter introduced another natural topology on C (X), the topology of uniform convergence on bounded subsets of X .
The weak set-open topology on a family λ of nonempty subsets of the set X (the λ * -open topology) is a generalization of the topology of uniform convergence on bounded subsets of X and of the topology of pointwise convergence. All sets of the form { f ∈ C (X): f (F ) ⊆ U }, where F ∈ λ and U is an open subset of R, form a subbase of the λ * -open topology. As a result, for a given family λ of subsets of the set X , the following three topologies arise on C (X): the topology of uniform convergence on λ, the set-open topology, and the weak set-open topology.
Note that all three topology coincide, when λ consists of all finite (compact, countable compact, pseudocompact, sequentially compact, C -compact) subsets of X . Therefore C (X) with consists of all bounded subsets X (see Theorem 3.2 in [7] ), it follows that it is a locally convex topological vector space.
In the present paper we look at the properties of the family λ which imply that the space C λ (X) with the (weak) setopen topology is a topological group (topological vector space) under the usual operations of addition (and multiplication by scalars).
Main definitions and notation
In this paper, we consider the space C (X) of all real-valued continuous functions defined on a Tychonoff space X . We denote by λ a family of non-empty subsets of the set X . We use the following notation for various topological spaces with the underlying set C (X):
The elements of the standard subbases of the λ-open topology, λ * -open topology, and λ-topology will be denoted as follows:
where F ∈ λ, U is an open subset of R and ε > 0.
If X and Y are any two topological spaces with the same underlying set, then we use the notation X = Y , X Y , and X < Y to indicate, respectively, that X and Y have the same topology, that the topology on Y is finer than or equal to the topology on X , and that the topology on Y is strictly finer than the topology on X .
The closure of a set A will be denoted by A; the symbol ∅ stands for the empty set. As usual, f (A) and f −1 (A) are the image and the complete preimage of the set A under the mapping f , respectively. The constant zero function defined on X is denoted by 0, more precisely by 0 X . We call it the constant zero function in C (X).
We denote by R the real line with the natural topology. We recall that a subset of X that is the complete preimage of zero for a certain function from C (X) is called a zero-set. A subset O of a space X is called functionally open (or a cozero-set) if X \ O is a zero-set. A family λ of non-empty subsets of a topological space (X, τ ) is called a π -network for X if for any nonempty open set U ∈ τ there exists A ∈ λ such that A ⊂ U . Throughout this paper, a family λ of nonempty subsets of the set X is a π -network. This condition is equivalent to the space C λ (X) being a Hausdorff space. The set-open topology (the weak set-open topology) does not change when λ is replaced with the finite unions of its elements. Therefore we assume that λ is closed under finite unions of its elements.
Recall that a subset A of a space X is called C -compact subset X (or R-compact) if, for any real-valued function f continuous on X , the set f (A) is compact in R.
Note (see Theorem 3.9 in [10] ) that the set A is a C -compact subset of X if and only if every countable functionally open (in X ) cover of A has a finite subcover.
The remaining notation can be found in [4] .
Main results
Lemma 3.1. Let C λ (X) be topological group. Then the family λ consists of C -compact subsets X .
Proof. Suppose that there is
Given a family λ of non-empty subsets of X , let λ(C) = {A ∈ λ: for every C -compact subset B of the space X with B ⊂ A,
Theorem 3.3. For a space X , the following statements are equivalent.
C λ (X) is a locally convex topological vector space.

λ is a family of C -compact sets and λ = λ(C).
Proof. (1) ⇔ (5). By Theorem 1 and Theorem
It can be easily shown that for each f ∈ C (X), the sets of the family f + γ = { f + V : V ∈ γ } form a neighborhood base at f . Since this topology is generated by a collection of seminorms, is it locally convex. Hence by (1), C λ (X) is a locally convex topological vector space. 
Let λ = {A: A ∈ λ}. Note that the same weak set-open topology is obtained if λ is replaced by λ. This is because for each 
. Thus, the scalar multiplication cannot be continuous. 2 
τ -Narrow function spaces
There is a property of topological groups which is related to cellularity. Let G be an additive topological group, and let τ be an infinite cardinal number. Then G is τ -narrow provided that for each neighborhood of U of the identity in G, there exists a subset S of G such that |S| τ and G = {s + u: s ∈ S and u ∈ U }. Now G can be characterized as being τ -narrow if and only if it is isomorphic to a subgroup of a group of cellularity less than or equal to τ . Since C p (X) has the countable chain condition, it is always ω-narrow.
McCoy and Ntantu (see Theorem 4.2.6 in [8] ) showed that the space C λ (X) is τ -narrow if and only if w λ (X) τ , where
A ∈ λ} and λ is a hereditarily closed, compact network on X .
The υλ-weight w υλ (X) of X is defined by w υλ (X) = sup{w( A υ X ): A ∈ λ} where A υ X is the closure in Hewitt realcompactification υ X of the set A. The next result gives a criterion for C λ (X) to be τ -narrow for any family λ. 
Proof.
Suppose that C λ (X) is τ -narrow. If A ∈ λ, then A is C -compact subset of X and A υ X is compact in Hewitt realcompactification υ X . Let λ υ = {A υ X : A ∈ λ}. It is easy to verify [5, p. 118 ] that the space C λ (X) is linearly homeomorphic to the space C λ υ (υ X) (a function g ∈ C (X) corresponds to the functiong ∈ C (υ X) that is the continuous extension of g Since A υ X is compact, the restriction of f to A υ X is an embedding. Hence w( A υ X ) τ , so that w υλ (X) τ . For the converse, assume that w υλ (X) τ then for every A ∈ λ, w( A υ X ) τ . Let [A υ X , (− , )] be any basic neighborhood of 0 υ X . Consider the space C u (A υ X ) endowed with the topology of uniform convergence on A υ X . Since w( A υ X ) τ , the density of C u (A υ X ) does not exceed τ (see Theorem 3.4.16 in [4] ). Let > 0 and let D be a dense subset of C u (A υ X ) having cardinality d (C u (A υ X ) ). We conclude from Lemma 3.1 that A is a C -compact subset of X and hence A υ X is a com- Observe that we have the addition operation on the set C (X) so the property of C λ (X) being τ -narrow can be considered without assuming that C λ (X) is a topological group.
If C λ (X) is any space (not necessarily topological group) then we obtain the following. thus, the weight of X equals c. It is easy to see that the space X is pseudocompact. Let λ be the set of all C -compact subsets of X . Then, for every A ∈ λ, w( A) w( X) = c and w
We recall that l(C λ (X)) and c(C λ (X)) are the Lindelőf number and the cellularity of C λ (X), respectively. Theorem 4.6. Let C λ (X) be a topological group.
Proof. The proof is obvious from the fact (see Proposition 5.1.13 in [2] ) that if G is a topological group and In [7] it was proved that A is a closed bounded subset of X and C λ (X) < C λ * 
